We consider re ection of a pulse in a random medium with a strong re ector. We show that the wavefront of the re ected wave observed in the frame moving with the random propagation speed stabilizes to the deterministic waveform. The problem is studied using invariant imbedding. The results of numerical experiments illustrating the theory are presented.
Introduction
We study the evolution of the front of the wave in a layered random medium that has variations on two scales. On the micro-scale comparable with the width of the incident pulse the properties of the medium change rapidly with depth i.e. the direction of layering, but the amplitudes of the uctuations in the medium-related parameters are small. On the macro-scale comparable with the distances of propagation, the average properties of the medium are piece-wise constant functions. The rapid uctuations on the micro-scale produce backscattering. Although weak, it accumulates over long distances of propagation and causes signi cant c hanges in the shape of the front of the wave. However, each of the abrupt changes in the average properties of the medium on the macroscale initiates a strong re ected signal at the moment the transmitted pulse reaches it. While the evolution of the transmitted pulses in the undisturbed medium is fairly well understood by now 5 , 2 , 3 , 4 the evolution of the re ected pulse was not investigated before.
The theory that originated with the work of O'Doherty and Anstey OD-A in 7 suggests that if the front of a pulse traveling in a random medium is observed relative to a frame moving with the random propagation speed, it stabilizes to a deterministic wave form, which is the convolution of the initial pulse with a Gaussian whose variance is determined by the statistics of the uctuating properties of the medium. This is based on the analysis of the evolution equation for the front o f the transmitted wave in the undisturbed medium. However, a similar evolution equation for the front of the re ected pulse is not closed, as it involves the interactions between the re ected pulse and the backscattering of the transmitted one. Consequently, the averaging principle used in the papers cited above does not seem to apply.
We use here the approach based on invariant i m bedding that was used successfully in 1 . One expects that the interactions between the re ected pulse and the backscattering of the transmitted one do not change the evolution of the re ected wavefront. Consequently, this evolution is like the one for the transmitted pulse in the undisturbed medium that originates at the re ector and is traveling towards the surface. We prove that this is in fact true in the same limit in which the transmitted pulse stabilizes: the size of the uctuations decreases to 0 while the distance traveled increases to in nity.
In section 2 we formulate the problem for the acoustic pulse in a one-dimensional random medium with a single strong re ector at the end. The variance of the re ected pulse is expressed in terms of the time harmonic re ection coe cient that satis es a stochastic Riccati equation in the depth variable. The transport equations for the moments of the time harmonic coe cients and their limit are analyzed in section 3. In section 4 we carry out the asymptotic evaluation of the mean and variance of the re ected pulse. Equation 48 giving the mean amplitude of the re ected pulse, along with showing that its variance is zero asymptotically equation 24, is the main result of this paper. A comparison between the coordinate systems moving with the mean velocity and with the random velocity is given in section 5. In section 6 we present a numerical experiment illustrating the convergence of the observed re ected pulse to its OD-A limit waveform.
Formulation of the problem
We are interested in the re ection of acoustic waves by an one-dimensional random medium. The momentum and mass conservation equations for the velocity uz;t and the pressure pz;t are u t + p z = 0 1 K p t + u z = 0 1 where = z is the density, K = Kz is the bulk modulus. The local sound speed is given by cz = s Kz z :
2
We assume that a slab of thickness L, z 2 ,L; 0 , contains the random medium, while the medium above and below it is non-random and homogeneous. The constant acoustic parameters in the half space z 0 are denoted by 1 ; K 1 ; c 1 . In the random regime the density is for simplicity constant z = 1 but the bulk modulus has the form 1
where is a zero-mean, bounded stationary random process with strong ergodic properties. The parameter 2 is the ratio of a typical microscopic to a macroscopic length scales and is assumed to be small. The random uctuations are rapidly varying but their amplitude is small. Note that the mean acoustic parameters are the same for the homogeneous half space z 0 and the random slab ,L; 0 . Below the slab the constant parameters are 2 ; K 2 ; c 2 . Summarizing:
The initial and boundary conditions for equation 1 are provided by specifying the incident pulse in the positive half space to be uz;t = ,c 1 The OD-A theory predicts that the pulse observed in the frame moving with the random velocity stabilizes with probability one to a deterministic shape. We prove this claim by calculating asymptotically as ! 0 the variance of the re ected pressure at the random time when the pulse reaches the surface after being re ected by the strong re ector at z = ,L. Therefore, we are The intensity function I is thus given in terms of 28. However, the formulas 21 and 22 imply that the asymptotic behavior of the coherently re ected pressure is found from the knowledge of lim !0 h,0; ! i, which is also a special case N = 1; M = 0 ofW N M . In the next section we obtain the equations that govern the behavior ofW N M .
Transport equations
We are interested in the re ected pressure at the surface z = 0 for the time when the pulse emerges from the random medium after being re ected by the interface z = ,L. For this purpose it is convenient to consider the re ected pressure as a function of ;ti.e. p ; t . Let , , ;! stand for ; , ; ! . Then, the formula 21 expressing p re 0; t in terms We n o w i n terpret formula 48, which is the main result of the OD-A theory. The mean pulse emerges from the random medium convoluted with the complex Gaussian whose Fourier transform is exp,! 2 R +i I 2T and retarded by 2 R02T = 8. As 2T is the travel time from the surface to the re ector and back t o the surface, we conclude from 48 that the pulse travels in the medium with retardation increasing linearly as a function of time. The shape of the pulse is convoluted by a complex Gaussian whose spreading depends also linearly on the travel time. This description is valid only in the immediate vicinity of the front i.e. for , t of the order 2 For if the path switches to N 1 it must return to N = 1 quickly or else the delta function will be 0, but the probability of such paths tends to 0 as t , 2T ! 0. Therefore 5 Pulse in the mean velocity frame
The stabilization of the pulse predicted by the OD-A theory is speci c to the frame moving with the random velocity. In the frame moving with the mean velocity, however, both the time of the arrival of the pulse at the surface and the shape of the pulse uctuate randomly. In this section we analyze the mean shape of the pulse and its variance for times near the mean arrival time. We nd that the uctuations in the shape of the pulse do not die out asymptotically as it was the case for the pulse observed in the random velocity frame. We show h o wever that these uctuations are solely produced by the uctuations of the two-way travel time, recon rming therefore the OD-A theory.
The analysis of the pulse in the mean velocity frame is very similar to that of pulse in the random velocity frame, so we will only summarize it here. The scaled Fourier transformspz;!;ûz;! are The superscript ? will serve to distinguish the formulas of this section from the ones of sections 2-4.
Note however that the re ected pressure de ned by formulas 63 and 21 is the same quantity.
The two-point intensity function I is de ned again by 25. While its relation 27 with the quantityW 11 of 28 holds in the same form, the asymptotic behavior ofW N M is found now from the Riccati equation 60. In fact, we nd that the analog of 34 i.e. nally, we nd the variance of the re ected pulse in the mean velocity frame. Therefore, because the exponentials in 72 and 73 are di erent, the factors standing by the delta functions are di erent. As a result, unlike the OD-A theory situation, and in agreement with our expectations, the uctuations in the shape of the pulse observed in the mean velocity frame do not die out. Note however, that the discrepancy between 72 and 73 is in the term e ,! 2 2 2 0 2L c 1 which
we found above to be solely related to the variance of the random travel time T. This fact con rms again that the shape of the pulse stabilizes when observed in the proper i.e. random velocity frame.
Numerical experiments
We conducted a series of numerical simulations to illustrate the accuracy of the approximation given by the OD-A limit shape formula 48. We considered a Goupillaud medium that consists of a stack of layers with the same travel time across each one and with impedance constant within each one. The numberoflayers in the slab, which i s n o w parameterized by the travel time 2 ,T ; 0 , is assumed to beN = ,2 . We denote the constant value of the impedance within the k-th layer by k . In the Goupillaud medium equations 1 become a di erence equation for the amplitudes of down-and up-going waves at mesh points midway between interfaces. A detailed description of the di erence equation is found in 5 . The coe cients of this equation are expressed in terms of a sequence of characteristic impedances f k g 1 k=0 de ning a particular realization of the Goupillaud medium. We used for f k g 1 k=0 a single realization of a certain Markov c hain described below.
In the experiment w e observe the shape of the pulse not only when it strikes the surface but in its whole passage through the random medium. The passage has two phases: in the rst the pulse is traveling in the direction of the re ector and in the second it is returning back to surface. The rst phase i.e. the behavior of the transmitted pulse was investigated fully in 5 . In the gures below, we include the pictures of the transmitted pulse and its OD-A limit shape to illustrate that the rates of convergence in both phases of the passage through the medium are similar.
In the transmission phase the wavefront travels along the curve f ,t; t : t 2 0; T g where T is the time at which the pulse reaches the re ector i.e. T = , ,L. In the re ection phase the wavefront travels along the curve f ,2T +t; t : t 2 T ; 2T g. In the pictures we rescale the time axis so that T = 1 . The Markov chain generating the sequence of impedances f k g 1 k=0 is de ned as follows. Let xdx bea xed probability distribution. Let p; q be xed positive n umbers s.t. p + q = 1 . The initial value 0 is drawn form the distribution xdx. Assume that n is de ned. Then, n+1 is equal to n with probability p no real interface between the layers and it is drawn from the distribution xdx with probability q. This type of random Goupillaud medium was rst studied in 8 . In our experiment w e took the x dx distribution to be Gaussian with mean 0 and variance 4:0. The parameter p, which is the probability of change in the characteristic impedance on the interface, is 1 for Figures 1 and 2 and it is 0.5 for Figures 3 and 4 . The width w is usually 50. The numberoflayers, N, is given at each plot separately. Each plot consist of 5 pairs of functions. Each pair is indexed by the time of arrival marked on the vertical axis: 0:0; 0:3; : : : ; 2:0. The pairs are positioned in the picture so to make them more readable: it is only the position of one function in a pair with respect to the other function in the same pair which matters. We shifted the pairs to the right, but in fact all pairs have the rst non-zero value at the rst observed position.
The number in parentheses below time of the arrival is the relative error between functions in each pair i.e. the L 2 norm of the di erence divided by the L 2 norm of the OD-A limit waveform.
As we see, the errors for the re ected pulse are bigger than the errors for the transmitted pulse. This is due to the interactions between the re ected pulse and the backscatters produced by the transmitted pulse in its passage to the re ector. Note however that while N increases, the error decreases and eventually the errors for times up to 1:0 are not much smaller than the ones for times after 1:0.
While we present here only plots for p = 1 ; 0:5 and x dx Gaussian, we conducted the experiment for many di erent v alues of p and di erent densities x dx. All the results share the same properties as the ones presented above. We remark nally that the above calculation was based solely on the mean zero properties of F 0 q;l and F 0 q;l with respect to P ? dq and the l-periodicity o f F 0 q;l. 
